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Abstract 

We study plane-fronted electro-vacuum waves in metric-affine gravity 
(MAG) with cosmological constant in the triplet ansatz sector of the the- 
ory. Their field strengths are, on the gravitational side, curvature R a ^ 
nonmetricity Q a p, torsion T a and, on the matter side, the electromagnetic 
field strength F. Here we basically present, after a short introduction into 
MAG and its triplet subcase, the results of earlier joint work with Garcia, 
Maci'as, and Socorro Our solution is based on an exact solution of 
Ozsvath, Robinson, and Rozga describing type N gravitational fields in 
general relativity as coupled to electromagnetic null-fields. 

1 Introduction 

Metric-affine gravity (MAG) represents a gauge theoretical formulation of a the- 
ory of gravity which, in contrast to general relativity theory (GR) , is no longer 
confined to a pseudo-Riemannian spacetime structure (cf. Q). There are new 
geometric quantities emerging in this theory, namely torsion and nonmetricity, 
which act as additional field strengths comparable to curvature in the general 
relativistic case. Due to this general ansatz, several alternative gravity theories 
are included in MAG, the Einstein-Cartan theory e. g., in which the nonmetric- 
ity vanishes and the only surviving post-Riemannian quantity is given by the 
torsion. One expects that the MAG provides the correct description for early 
stages of the universe, i. e. at high energies at which the general relativistic 
description is expected to break down. In case of vanishing post-Riemannian 
quantities, MAG proves to be compatible with GR. In contrast to GR, there 
are presently only a few exact solutions known in MAG (cf. j|]), what could be 
ascribed to the complexity of this theory. 

In the following we will give a short overview of the field equations of MAG 
and the geometric quantities featuring therein. Especially, we will present the 
results of the work of Obukhov et al. Q who found that a special case of MAG, 
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the so called triplet ansatz, is effectively equivalent to an Einstein-Proca theory. 
Within the framework of this ansatz, we will show how one is able to construct a 
solution of the MAG field equations on the basis of a plane- fronted wave solution 
of GR which was originally presented by Ozsvath et al. in l| . 



2 MAG in general 

In MAG we have the metric ga/3, the coframe and the connection 1-form Y a ' 
[with values in the Lie algebra of the four-dimensional linear group GL(4, R)] as 
new independent field variables. Here a, f3, . . . — 0, 1, 2, 3 denote (anholonomic) 
frame indices. Spacetime is described by a metric-affine geometry with the 
gravitational field strengths nonmetricity Q a p := —Dg a p, torsion T a := Dd a , 
and cur vature Rj := dTj - Y a i A L/. A La grangian formalism for a matter 
field W minimally coupled to the gravitational potentials g a p, i) a , Y a P has been 
set up in j|| . The dynamics of this theory is specified by a total Lagrangian 

L = V M A G {g al 3, 0°, Q«/J, T a , Bj) + L mat (g a p, 0« *, £>*). (1) 

The variation of the action with respect to the independent matter field and the 
gauge potentials leads to the field equations: 

DM afj -m afi = a al3 , (3) 
DH a -E a = E a , (4) 
DH a p — E a p = A a p. (5) 

Equation represents the generalized Einstein equation with the energy- 
momentum 3-form S Q as its source whereas (|^) and (|^) are additional field 
equations which take into account other aspects of matter, such as spin, shear, 
and dilation currents represented collectively by the hypermomentum A a p. We 
made use of the definitions of the gauge field excitations, 

A/r at3 . o 9V M AG tt . dV M AG jtu . dV M AG 

M - =_2 ^7' Ha -=-^~> H0 - = —dRj> (6) 

and of the canonical energy-momentum, the metric stress-energy, and the hy- 
permomentum current of the gauge fields, 

mQ/3:=2 ^W £ q:= ^^, E°p:=-^AHp-gp 7 M^. (7) 
og a p dv a 

Moreover, we introduced the canonical energy-momentum, the metric stress- 
energy, and the hypermomentum currents of the matter fields, respectively, 

a - =2 ^7' E «' = ^' A ^av^ (8) 
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Provided the matter equation (0) is fulfilled, the following Noether identities 
hold: 

DH a = (e Q jT ) AE, 3 -i( eQ jg /37 ) ( T^ + ( eQ Ji? /3 T)AA /3 7 , (9) 



DA C 



Q7 - 1? Q A Efs. 



(10) 



They show that the field equation (||) is redundant. Thus we only need to take 
into account (|4|) and (||) . As suggested in [|| , the most general parity conserving 
Lagrangian expressed in terms of the irreducible pieces (cf. of nonmetricity 
Qap, torsion T a , and curvature R a p reads 



MAG 



1 

2k 



a R aP A 7 M — 2A?7 + T a A * a/ (/) T Q J 
+2 (5>7 (/) Q Q/3 ) A#* A 



1 



— —R a P A * 
2p 



V=2 
6 



Y, wi (I)w ^ +Y zi {I)z ^ + W7 d « A H (5)wn > 



7=1 



7=1 



+z 6 tf 7 A (e Q J (2) Z 7 ^) + ^7^ A (e 7 J (/ ~ 4) Z 



7=7 



(11) 



Note that we decompose the curvature 2-form R a ° into its antisymmetric and 
symmetric parts, i.e. R a p = W a p + Z a — R[ a p] + R/ a 0) ~ rotational © strain 
curvature. The constants entering eq. are the cosmological constant A, the 
weak and strong coupling constant K and p, respectively, and the 28 dimension- 
less parameters 



(12) 



[c] = 1. The Lagrangian and the presently known exact solutions in MAG 
have been reviewed in [0 . 



do, ... ,a 3 ,6i, . . . , b 5 , c 2 , . . . ,Ci,w\, . ..,107, 2i, ... ,z 9 . 
We have here the following dimensions: [A] =length -2 , [n] =length 2 , [p] = 



3 The triplet ansatz 

In the following we will briefly review the results of Obukhov et al. Q . Starting 
from the most general gauge Lagrangian Vmag hi (|ll])j we now investigate the 
special case with 



,w 7 = 0, zi, 



,z 3 ,z 5 , 



, Zg = 0, Z 4 ^ 0. 



(13) 
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Thus we consider a general weak part, i. e., we do not impose that one of the 
weak coupling constants vanishes right from the beginning. However, the strong 
gravity part of ( pi] ) is truncated for simplicity. Its only surviving piece is given 
by the square of the dilation part of the segmental curvature ^ Z a fj := jg a pZ^ '. 
In this case, the result of Obukhov et al. j| reads as follows: Effectively, the 
curvature R a p may be considered as Rlemannian, torsion and nonmetricity may 
be represented by a 1-form u, 

Q = koto, A = k\ u>, T — k2U>, (14) 

T a = (2) T a = -tf a A T, (15) 

O 

Qafi = {3) Q al 3 + (4) Qa/3 = ^ ^(ae/3)JA - + 9 a f}Q- (16) 

With the aid of the Riemannian curvature R a p, we denote Riemannian quan- 
tities by a tilde, the field equation (Q) looks like the Einstein equation with an 
energy-momentum source that depends on torsion and nonmetricity. Therefore, 
the field equation (|5|) becomes a system of differential equations for torsion and 
nonmetricity alone. In the vacuum case (i.e. E Q = and A Q ^ = 0), these 
differential equations reduce to 



fv a 7 AR^ + Xr, a = (17) 
d*dw + m 2 *uj = 0. (18) 



The four constants m, fco, fci, and k2, which appear in ( |18| ) and (|14[), depend 
uniquely on the parameters of the MAG Lagrangian ( [l3| ) : 

fc = 4 (a 2 - 2a ) + ^) - 3 ( c 3 + «o) 2 , 
9 

fci = - (a 2 - 2a ) (65 - ao) - 9 (c 3 + a ) (c 4 + a ) , 
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(do \ 9 



m 2 = — I -4& 4 + ^a + (&6 - ao) + f 1 (<* + a ) ) • (19) 

Z4K \ 2 Zfco fco / 

The energy-momentum source of torsion and nonmetricity E^ , which appears 



in the effective Einstein equation ([L7D, reads 

E (w) = fiM(( eQ j dw ) a *du ~ (e a \ *dcj) A dcj 
2p L 

+rn 2 [(e a Jw) A *u+ (e a \ *oj) Auj]\. (20) 

This energy-momentum is exactly that of a Proca 1-form field. The parameter m 
111 @ has the meaning of the mass parameter ([m] = length x ). If m vanishes, 
the constrained MAG theory looks similar to the Einstein-Maxwell theory, as 
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can be seen immediately by comparing ( |20| ) with the energy-momentum current 
of the Maxwell theory 

S^f ax = i { (e Q J dA) A*dA- (e a \ *dA) A dA^, (21) 

where A denotes the electromagnetic potential 1-form (F — dA). Note that 
771 = leads to an additional constraint among the coupling constants (cf. eq. 
©)■ 



4 Plane-fronted waves in GR 

Ozsvath, Robinson and Rozga Q dealt with a solution of the Einstein-Maxwell 
equations. Here we sketch their procedure in order to show how to generalize it 
to the triplet subcase of MAG. Since we perform our calculations with arbitrary 
gravitational coupling constant n, the results presented here differ by some 
factor of k from the original ones in Q. Using the coordinates (p, a, £), we 
start with the line element 

ds 2 = 2(^ 5 (g)t? i +^(g)t? 5 ), (22) 

and the coframc (the bar denotes complex conjugation) 

tf 6 = - d(, t3 1 = - dC, t) 2 = -da, ?? § = ( ^] (s da + dp) . (23) 
P P \Pj 

In order to write down the coframe in a compact form, we made use of the 
abbreviations p, q, and s which are defined in the following way: 

P(C,0 = ! + ^CC, (24) 

tip, C, C) = U - £ CC) a(a) + 0(a) + 0(a), (25) 

s(p,a,(,{) = a 2 (a)-p 2 j3(a)0(a)+pd lT (]xi \q\) 

+2-H(a,C()- (26) 
z q 

Here a(a), /3(a), and H(aXX) are arbitrary functions of the coordinates and 
A is the cosmological constant. Additionally, we introduce the notion of the 
so-called propagation 1-form k :— fc M i? M which inherits the properties of the 
geodesic, shear-free, expansion-free and twistless null vector field k^ representing 
the propagation vector of a plane-fronted wave. We proceed by imposing some 
restrictions on the electromagnetic 2-form F and a 2-form S a p defined in terms 
of the irreducible decomposition of the Ricmannian curvature 2-form R a p in the 
following way: 

S a p := R a p — ^R a p = ^ R a f3 + ^R a p 

= R a p + ^(e„\e^\R^) $ a A i3 p ' m va ^ uum ^ R a p =: C a p- (27) 
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They shall obey the so-called radiation conditions 

S a0 Ak = 0, and (e Q J k) S a p = 0, (28) 

and 

FAk = Q, and -(e a Jfc) e a \F = 0. (29) 



If one imposes the conditions (|28|) and (|29|), the formerly arbitrary functions 
a(a) and /3(c) in (p^)-([2^) become restricted, namely a(a) to the real and 
/3(<t) to the complex domain, see H. In the next step we insert the ansatz for 
the coframe (|23|) into the Einstein-Maxwell field equations with cosmological 
constant 

77 Q/37 AR^ + 2\r la = 2kE^ aK , (30) 
dF = 0, d*F = 0, (31) 

where £Max is the energy-momentum current of the electromagnetic field (cf. eq. 
(pl|)). Let us consider the vacuum field equations first before switching on the 
electromagnetic field, i. e. there are only gravitational waves and we only have to 
take into account the left hand side of (^) . As shown in || , this equation, after 
inserting the coframe into it (cf. eq. (4.34) of ||), turns into a homogeneous 
PDE for the unknown function H(a, £, (): 



A 

Equation (4.39) of || supplies us with the solution for H(a, £, C) m terms of an 
arbitrary holomorphic function (/)(cr, £) 

3 p ' s dp 

Observe that H in ( |33| ) is a real quantity. We are now going to switch on the 
electromagnetic field. We make the following ansatz for the electromagnetic 
2-form F in terms of an arbitrary complex function /(cr, £): 



H XC + ^ H = Q - ( 32 ) 



fffoCO^C-oZ^ + ^f-oH ( 33 ) 



F = dA = -cl 



K dC'/(CV)+ f d?f (?,*)) 4* 



(34) 



In compliance with §, this ansatz for F leads to S^ ax = p 2 f f d b Ad 1 Ai? 2 . 

Now the field equations (^0|)-(^l|) turn into an inhomogeneous PDE for H(a,C, C) 
(cf. eq. (4.35) of g): 

H « + w H=2 -f ,f - (35) 

The homogeneous solution Hh(aX,C) °f this equation is again given by (|33|). 
The particular solution H v {a, C, C) °f the inhomogeneous equation can be writ- 
ten in a similar form, 



#pO,C,C) =i«,C + r-M, (36) 

3p ' s dp 
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where the function /z(cr, C, C) can be expressed in the following integral form: 

fa, C, = « / C dCV / C dC' 4 | C d(" (37) 

Of course, one is only able to derive H p explicitly after choosing the arbitrary 
functions a(a) and /3(c) in (|24|)- (|26|) . They enter the coframe and, as a conse- 
quence, the function n(a, £, C) m (13) • The general solution readsfj] 

C, C) = #h(^ C) + H p (a, C, C). (38) 

We proceed with a particular choice for the functions entering the coframe and 
the ansatz for the electromagnetic potential 

a=l, /3 = 0, / = /oC™ where n = 0, ±1, ±2, . . . , (39) 

and [/o] =length~ 2 ~". The electromagnetic potential is now given by 

A = -f ( [ C d(' C' n + f C d('(' n ) tf 2 . (40) 



The only unknown function is H p (cr, C, £). Thus we have to carry out the in- 
tegration (cf. (7.7) of D) in eq. (p7J) , after substituting the function f = fo C" 
which originates from our ansatz (|39|) . The solution of this integration for dif- 
ferent choices of n is given in (7.10)-(7.13) of ||. We will present this solution 
in a more compact form as 

(i) n < — 1 



p q Wl + n) 2 \6 



-n-l { \\-n-r-l\ 2 / ,T\n+l 



- 4 VMi I + 8k/ ° ^ ,1.1, 



(ii) n 



ff p = ^ (4 g In I q I + ^ In (/ 2 C C) + | In 2 (/ 2 CC) ) , ( 42 . 



(iii) n > -1 



(4(n + l) + g). (43) 



^ = ^(jj (inki+E¥((p- 2 r-(- 1 ) r ) 

2«/o 2 (CC)™ +1 



l) 2 



1 We changed the name of the vacuum solution from H(a, (, £), mentioned in (J33J) , into 
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Note that the original solution in S is not completely correct, as admitted 
by Ozsvath ||. Needless to say that we displayed in (fll|)-(f43|) the correct 
expressions for H p . We characterize the solutions obtained above by means of 
the selfdual part of the conformal curvature 2-form + C a p, the trace-free Ricci 
1-form and the Ricci scalar R. Here we list only the results for the general 
ansatz (|2^)-(|2^), i.e. for arbitrary a(a), /3(c), and H(aX,0- F° r the sake of 
brevity we make use of the structure functions p and q as defined in ( p4[ ) and 
25b: 



+n~- 



°21 



+ ^02 = V* 

1 + i 



°12 — 



4 * 



g^9 c -i? 



q 2 d £ ( P ~H 



A - 



i? 9 At? 2 , 
z? 1 A 



(44) 
(45) 
(46) 



5 Plane-fronted waves in MAG 



We now turn to the triplet subcase of MAG. Thus we are concerned with the 
triplet of 1-forms in eq. (|l4|). As shown in section 0, the triplet ansatz reduces 
the electrovacuum MAG field equations (|]) and (|]) to an effective Einstein- 
Proca-Maxwell system: 



a r? Q/ 3 7 A R 01 - 

d*duj + 
dF = 0, 



2Xr h 



2k 



Max 



m 2 *u) 



= 0, 
d*F = 0. 



(47) 

(48) 
(49) 

to d*du> = 



From here on we will presuppose that m 2 = 0, reducing eq 
and the energy-momentum of the triplet field to the first line of eq. (|20|). As 
one realizes immediately, the system (^7])-(|4^) now becomes very similar to the 
one investigated in the Einstein-Maxwell case in ( 30"|)-(3l"l ). Let us start with 
the same ansatz for the line element, coframe (p2)-(|26), and electromagnetic 
2-form (|34|). The only thing missing up to now is a suitable ansatz for the T 
form u> which governs the non-Riemannian parts of the system and enters eqs. 

©-©: 

d('g(<?X')+ I dQg{aX) "-. (.Ml) 



Here g(a, £) represents an arbitrary complex function of the coordinates. Since 
the first field equation ( |47|) in the MAG case differs from the Einsteinian one 
only by the emergence of . Accordingly, we expect only a linear change in 
the PDE (35). Thus, in case of switching on the electromagnetic and the triplet 
field, the solution for H(<t,(,() entering the coframe, is determined by 



(51) 
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We use calligraphic letters for quantities that belong to the MAG solution. 
Consequently, the homogeneous solution Hh, corresponding to / = g = 0, is 
given again by (|3^). In order to solve the inhomogeneous equation (|5l|), we 
modify the ansatz for H p made in ( |36| ) and (|37|). For clarity, we distinguish 
between the Einstein-Maxwell and the MAG case by changing the name of 
fi(a, C, C) in (|36|) into M (a, £, Q which leads to the following form of H p : 



H p (a, C, C) = M x — ^r-M + M- c - ^-M, (52) 
3p ^ 3p 



where AI — k J d(p 2 ^ d( ^ d(" V - (/ / + gg) . (53) 

Thus, the general solution of (|5l|) is given by 

H(a, C, C) = H h (a, C, C) + H p (a, (, 0- (54) 

Substitution of this ansatz into the field equations yields the following constraint 
for the coupling constants of the constrained MAG Lagrangian: 

a = 1, z 4 = — . (55) 
2k 

Here, we made use of the definition of fco mentioned in ([l9|). We will now look 
for a particular solution TL p of (|l|). As in the Riemannian case, we choose 
a = 1, (3 = and make a polynomial ansatz for the functions / and g which 
govern the Maxwell and triplet regime of the system, 

f = foC n = 0,±l,±2,... , g = g a C l I = 0, ±1, ±2, . . . , (56) 



with [go] =length~ 2 ~'. Now we have to perform the integration in ( p3[ ) which 
yields the solution for H p via eq. (|5^). At this point we remember that the 
solution for Ti. pi in case of excitations corresponding to /, is already known 
from eqs. (|4l|)-(43). Let us introduce a new name for H p as displayed in (|4l|)- 



([43|), namely TL^ Furthermore, we introduce the quantity 7i^, defined in the 
same way as Ji' p but with the ansatz for g from (p6| ) . Thus, one has to perform 
the substitutions n — > I and f — > g in eqs. (p])-(p3|) in order to obtain Ji 9 ^. Due 
to the linearity of our ansatz in (]5^), we can infer that the particular solution 
H p in the MAG case is given by the sum of the appropriate branches for 7i£ 
and 7i 9 , i.e. the general solution form eq. (Q) now reads 

H(a, C, C) = n h (a, C, C) + n f p (a, C, C) + K(a, C, 0- (57) 

Note that we have to impose the same additional constraints among the cou- 
pling constants as in the general case (cf. eq. J55|)). In contrast to the general 
relativistic case, there are two new geometric quantities entering our description, 
namely the torsion T a and the nonmetricity Q a p given by 



!aP = ^-V{a e P)\ 



C d('g(a,(')+ [ C d(g(a,() 



i) 2 
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rpC 



+9a/3 
_k2 

3 



h 

9 

C 



fe 



dCg(*X)+ / d(g(a,C) 



d(g(a,()+ / d(g(a,C) 



d a Ad 2 . 



d\ (58) 



(59) 



6 Summary 

We investigated plane-fronted electrovacuum waves in MAG with cosmological 
constant in the triplet ansatz sector of the theory. The spacetime under con- 
sideration carries curvature, nonmetricity, torsion, and an electromagnetic field. 
Apart from the cosmological constant, the solution contains several arbitrary 
functions, namely a(a), (3(a), /(a, C)> 5( (T )C)) an d <^(°'jC)- O ne may address 
these functions by the generic term wave parameters since they control the dif- 
ferent sectors of the solution like the electromagnetic or the non-Riemannian 
regime. In this way, we generalized the class of solutions obtained by Ozsvath, 
Robinson, and Rozga ||. 
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